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ABSTRACT. The main purpose of this paper is to present one more proof of a 
theorem due to Brooks [1, 2, 3]. 
ASSUMPTIONS AND DEFINITIONS. Throughout all graphs are assumed 
to be finite and to contain neither loops nor multiple lines. We shall use 
the following notation, x(G) is the chromatic number of a graph G. p(x) 
is the degree of a point x. Let x, Yl, Y2 be three distinct points of a graph G, 
then G(x, YI, Y2) is the subgraph of G spanned by all points different 
from Yl and Y2, which cannot be connected to x by means of  a path 
containing neither Ya nor ya. Hence G(x, yz, y~) is separated from x by Yt 
and Y2, and the order of  the y's  is irrelevant. 
THEOREM 1. Let G be a connected graph without cut-points. Let x be 
any point of G and consider all pairs of distinct neighbors Yl and Y2 of x. 
Then all G(x, Yz , Y2) are pairwise disjoint. 
PROOF: Let Yl, Y2 and Ya, Y4 be two distinct pairs of  distinct neighbors 
of x. We assume that y l ,  yz ,  Ys, Y4 are distinct, with the exception of  
Y2 and Y3, which may or may not be identical. Since G is connected and 
does not contain cut-points, ya and Y2 are each adjacent o at least one 
point of  each component of G(x, Yx, Y2); and a similar statement holds 
for Ya, Y4 and G(x, ya, Y4). Hence each point z of  G(x, Yl, Yz) is connected 
to y~ by means of  a path containing Yl and points of  G(x, y l ,  Y2) only. 
I f  z would be a point of G(x, Ya, Y4), then z would be connected to y~, 
and hence to x, by means of a path containing Y4 and points of G(x, Y8, Y4) 
only. Since Ya and Y2 are not contained in G(x, Y3, Y4), it would follow 
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from this that z would not be contained in G(x, Y l ,  Y2), a contradiction. 
It follows, therefore, that G(x, y~, Y2) and G(x, Y3, Y4) are disjoint. 
THEOREM 2 (Brooks). Let G be a connected graph, let r be the maximal 
degree of  its points, and let G not be the complete (r + 1)-graph. I f  r ~ 3, 
then x(G) ~ r. 
PROOF: We shall apply induction with respect to the number of 
points of G. Clearly, the theorem is true if G contains 4 points. Let G 
contain at least 5 points. If G contains cut-points we can apply induction 
by considering the blocks of G, hence assume that G does not contain 
cut-points. Consider a point x such that p(x) ~ r, and consider all pairs 
of neighbors Yl, Y2 of x such that Yl and Yz are not adjacent. Let there 
be n such pairs, then n > 0, since otherwise G would be the complete 
(r -+- 1)-graph. Furthermore there exists a pair Yl, Y2 such that yl and Y2 
together are adjacent o at most r -  1 points of G(x, y~, yz). Suppose 
this were not true. Then each pair y~, y~ would be adjacent o at least r 
points of G(x, y~, Y2), and, according to Theorem l, the connecting lines 
would be different for different pairs. Hence the total number of lines q 
incident with the neighbors of x would be at least nr + r + m, where 
m = (~) -- n, since we are considering n pairs, since r = p(x), and since m 
is the number of lines connecting some neighbor of x with some other. 
But there are altogether r neighbors of x, each with degree ~ r. Hence 
q + m ~ r 2, or nr + r + 2m ~ r 2, or n(r - 2) ~ O. Since n >0i twou ld  
follow from this that r ~ 2, which contradicts r ~ 3. 
Let yx, Y2 be any pair of non-adjacent eighbors of x such that yl and 
Y2 together are adjacent to at most r -- 1 points of G(x, y~, Y2). Remove x
(and lines incident with x), and each time remove a point which in G is 
adjacent o a point removed before, until no points can be removed any 
more, but never remove yl or Y2. Then the result is the subgraph of G 
spanned by Yx, Y2 and G(x, yx,  Y2). Finally identify y~ and Ya into y and 
let G" be the resulting raph. Then G" is not the complete (r + 1)-graph, 
because the degree of y in it is less than r, and the maximal degree of its 
points is at most r. If the maximal degree is equal to r, G" must contain at 
least r + 1 and hence at least 4 points, hence according to our induction 
argument we can color G" with at most r colors, since G" has fewer points 
than G. If the maximal degree is less than r, we can also color G" with at 
most r colors, by coloring the points consecutively. Given any coloration 
of G" with at most r colors, let y be split into yl and Y2, color both Yl 
and Y2 with the color of y, and add the removed points one at a time, 
taking them in the reversed order. After each addition we can color the 
resulting graph with at most r colors, since each added point in G is 
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adjacent o a point not yet added, with the exception of x. Since Yl and Y2 
have the same color, however, we can also add x and still use at most r 
colors. Hence x(G) ~ r. 
The method used in the proo f  of Theorem 2 of removing and adding 
points can be used in an algorithm. Often G(x, y l ,  Y2) is only a small 
subgraph of G, so that this method is rather fast. I f  we add the restriction 
that all cut-sets of  G contain at least r lines, then it follows easily from the 
proof  that we can find an empty G(x, Yl ,  Y~). This restriction would not 
be essential because if G results from connecting two disjoint graphs G~ 
and G2 by means of  r - -  1 lines or less, and, if x(GI) ~ x(G,,) ~ r, then 
x(G) ~ r [3, Chapter 11]. It does not, however, seem to be advantageous 
from a computat ional  point  of  view. 
Szekeres and Wil f  [4] have given a simple proof  that 
x(G) ~< 1 + max min p(x). 
G'CG x~G" 
Their claim that this implies Brooks's theorem is only true whenGis  not 
regular. 
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